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A numerical study was performed to examine how thermal and diffusion boundary conditions affect the
structure of laminar diffusion flame in air flow with porous blowing and combustion of hydrogen. Bound-
ary conditions of two types were compared, with lengthwise-constant porous-wall temperature
(TW ¼ const throughout the whole range of blowing ratios), and with lengthwise-constant temperature
of the fuel supplied into the main flow (T 0 ¼ const). With a liquid fuel having constant evaporating-sur-
face temperature, we deal with boundary conditions of the first type. With a gas fuel, as a rule, we
encounter the regime with T 0 ¼ const. It is shown that, in spite of the significant difference in velocity
and temperature profiles, in both cases the surface friction coefficients have close values. Also, it is found
that the wall heat flux exhibits a maximum if considered as a function of fuel supply intensity. Nonethe-
less, the function of relative heat transfer monotonically decreases with blowing intensity, much like it
does in non-reactive flow.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Combustion in boundary layer with porous fuel supply is gov-
erned by many factors and conditions that affect the flame struc-
ture, friction, and mass transfer. Most important parameters here
are boundary conditions for heat and mass transfer on the porous
surface. It is these parameters that define the flame-front position,
the heat and mass fluxes, the flow pattern in the boundary layer,
and the wall shear. Among the great variety of possible thermal
and diffusion boundary conditions, two cases are most frequently
encountered in practice, with lengthwise-constant wall tempera-
ture (TW ¼ const), and with lengthwise-constant temperature of
the combustible gas injected into the main flow (T 0 ¼ const
throughout the whole range of blowing ratios, see Fig. 1). The first
situation is encountered in the combustion of a liquid fuel film
whose surface temperature equals the saturation temperature.
The problem of interest was given a detailed experimental study
in [1], where the combustion of evaporating liquid ethanol was
treated. Besides, the problem in this formulation was solved in
[2] for laminar and turbulent flow modes with hydrogen blowing
and burning. In [2], the wall temperature was assumed constant
throughout the whole range of injected hydrogen concentrations.
This somewhat hypothetical a case with hydrogen combustion at
TW ¼ const, although hard to implement in practice, may prove
useful in performing comparative analyses.
ll rights reserved.
As a rule, a gas fuel is injected into the boundary layer at length-
wise-constant injected-gas temperature (T 0 ¼ const). The constant
T 0 condition is the same as the constant ‘transferred substance
state’ from the well-known works of Spalding [3,4]. Here, the tem-
perature of the streamlined surface varies in the downstream
direction depending on the longitudinal distribution of the trans-
verse flow of substance, defined by the injection intensity. At
lengthwise-constant mass flux of the transverse flow, the wall con-
centration of injected substance increases to finally reach unity
(regime with blown-off boundary layer). For a lengthwise-constant
wall concentration of the fuel to be ensured, in laminar flow mode
the blowing intensity has to decrease over the plate length as
�jW � Re�0:5

x . The study of such fuel supply regimes is also of interest
for flame and heat- and mass-transfer control in flows with
combustion.

The majority of experimental studies of boundary layers with
fuel injection and combustion [5–8] were carried out on the
assumption that the temperature and velocity of the injected gas
flow were constant quantities. To date, no comparative analysis
with the regime TW ¼ const has been reported. Such an analysis
would be of interest for comprehending basic regularities of heat-
and mass-transfer processes proceeding under various thermal and
concentration conditions.

The injection mode with lengthwise-constant injected-gas tem-
perature has many specific features in comparison with the case of
constant wall temperature. It was shown in [9] that at uniform gas
blowing with T 0 ¼ const, and also at blowing of a foreign gas into
the main flow, the wall heat flux varies non-monotonically with
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Nomenclature

b blowing ratio, b ¼ 2jW=q0u0cf 0
cf friction coefficient, cf =2ðl@u=@yÞw=q0u2

0
j mass flux of substance
H mixture enthalpy
M molecular weight of mixture
k mass concentration
q heat flux
Q heat release due to chemical reaction
Pr Prandtl number
Re Reynolds number, Rex ¼ q0u0x=l0
Sc Schmidt number
St Stanton number, St ¼ qW=q0u0cp0ðT0 � T 0Þ
T temperature

x longitudinal coordinate
y cross-stream coordinate
u, v velocity-vector components
k heat conductivity of gas mixture
l mixture viscosity
q mixture density
_xi rate of consumption/formation of the i-component

Subscripts
fr value in the flame front
w value on the wall
0 parameter in the flow core
Superscript
‘ parameter in the injected gas flow
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blowing intensity, displaying a maximum at some blowing ratio.
Such a behavior, exhibited by the heat fluxes, is observed both in
laminar and turbulent flow modes. It would also be of interest to
perform a similar analysis for boundary layer with combustion.

Thus, the purpose of the present study was to numerically
investigate into the boundary-layer combustion process proceed-
ing during porous blowing of hydrogen into laminar air flow. Pri-
mary attention was given to a comparative analysis of dynamic
and thermal characteristics of the boundary layer realized at
boundary conditions TW ¼ const and T 0 ¼ const in the presence
and absence of combustion.

2. Problem statement

In the present study, we examined heat and mass transfer of a
porous flat plate exposed to a laminar stream of air with hydrogen
combustion, the hydrogen being supplied into the main stream
through the porous plate (Fig. 1). Particular attention was focused
on different methods and modes of fuel supply. For instance, in
treating the thermal problem, the case with lengthwise-constant
wall temperature TW and the case with lengthwise-constant in-
jected-gas temperature T 0, in which the wall temperature is to be
determined from heat balance equations, were addressed. It should
be noted that both temperatures, TW and T 0, were assumed to be
constant throughout the whole range of blowing ratios. The
mass-transfer conditions implied either lengthwise-constant fuel
concentration kW or lengthwise-constant mass rate of the injected
fuel flow jW. In the latter case, the wall concentration of the fuel is
to be determined from substance balance equations. The flow
velocity in the free stream was assumed to be U0 ¼ 20 m=s, and
the temperature, T0 ¼ 300 K. In the case of fixed wall temperature,
for the temperature TW a value TW ¼ 400 K was adopted, and the
same value, T 0 ¼ 400 K, was assumed for the injected hydrogen
ρ0 0 0 U  T

j  TW

U

U fr

T

T

T fr

K H2

K O2

Flame front

Fig. 1. Diagram of the reacting boundary-layer flow.
flow. Several values of the relative mass rate of the injected flow
were considered, covering the range �jW � 10�4—10�3, as well as
several values of lengthwise-constant wall fuel concentration, cov-
ering the range from 1% to 80%. The maximum Reynolds number
over the plate length Rex never exceeded 105, and the flow there-
fore was always laminar over its entire length. Besides, to study
the effect due to the chemical process on heat and mass transfer,
similar computations for the flow without combustion were car-
ried out.

3. Governing equations and solution methods for the equations
of boundary-layer flow with combustion

The general form of the conservation laws that govern the
dynamics of multi-component gas mixtures with chemical reac-
tions is well known [14]. However, combined solution of Navier–
Stokes and chemical kinetics equations in their full statement is
rather difficult a problem. Therefore, very often some simplifica-
tions, both for gas dynamics and heat and mass transfer and for
the description of chemical processes, are used. In the present
work, the problem under study was solved in the boundary layer
approximation. The equations of two-dimensional stationary lam-
inar boundary layer in a flow of mixed multi-component incom-
pressible gases can be written as

@qU
@x
þ @qV

@y
¼ 0

qU
@U
@x
þ qV

@U
@y
¼ @

@y
C
@U
@y

� �
þ SU

@p
@y
¼ 0

ð1Þ

The values of the coefficients that enter these equations are given in
Table 1.

It should be noted that, here, a simplified representation of dif-
fusion fluxes for mixture components based on the Fick law is
used. The diffusion and heat conduction coefficients, and also the
viscosity and specific heats of individual substances were calcu-
lated from their polynomial representations [10]. The transfer
Table 1
Values of coefficients that enter the generalized transfer equation in the boundary
layer approximation.

Quantity, U Exchange coefficient, C Source term, SU

Flow velocity, U l �dp=dx
Enthalpy, H l=Pr Q
Concentration of the ith component, ki l=Sci _xi
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Fig. 2. Temperature profiles in the boundary layer. Rex ¼ 105. Solid lines:
TW ¼ const; dash-and-dot lines: T 0 ¼ const.
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Fig. 3. Velocity profiles in the laminar boundary layer with combustion. Solid lines:
TW ¼ const; dash line: T 0 ¼ const; dot line: boundary layer without combustion yet
with hydrogen blowing at kW = 0.02.

4092 E.P. Volchkov et al. / International Journal of Heat and Mass Transfer 52 (2009) 4090–4094
coefficients for the gas mixture were also calculated using the
methods described in [10]. The chemical kinetics of hydrogen
combustion with air was calculated according to the model of
[11]. This kinetics was assumed to involve one global reaction,
2H2 + O2 ? 2H2O.

Even with such substantial simplifications, the governing equa-
tions for the problem admit an analytical solution only in rare sim-
ple cases. Therefore, main results as to boundary-layer combustion
were obtained in the present study using numerical solution meth-
ods for non-linear mathematical-physics problems. In the present
work, we used an approach described in detail in [12]. This ap-
proach is based on the transition from variables (x,y), in which
the region occupied by the boundary layer had rather complex a
shape, to variables (x,x), where x ¼ w�wW

w1�wW
is the normalized

stream function, and w ¼
R y

0 qudy. In the latter coordinates, the
integration domain becomes a rectangle [0,L] � [0,1]. In addition,
the use of such coordinates results in concentration of coordinate
lines toward the wall in the (x,y)-plane, this condensation improv-
ing the accuracy in determining physical quantities in high-gradi-
ent flows. Another important benefit here is that, with the stream
function used as an independent variable, the continuity equation
turns out to be automatically satisfied. As a result, the generalized
transfer equation in the coordinates (x,x) assumes the form

@U
@x
þ ðaþ bxÞ @U

@x
¼ @

@x
c
@U
@x

� �
þ SU

qu
: ð2Þ

Here, a, b and c are coefficients that depend on the current values of
the stream function at the domain boundaries and on the values of
transfer coefficients.

For integration of transport equations, in the computational
plane a grid (xi,xj), was introduced, which divided the plane into
Nx � Ny cells. The mesh size of the grid was chosen such that to
provide for condensation of grid lines in flow regions with largest
gradients. Values of the dependent variable Uij were used as taken
at grid nodes.

To integrate the equations in the transverse direction, we used a
central compact-difference scheme of fourth-order accuracy [13],
which, being put simply, on the analytical grid has the form

U0j�1 þ 4U0j þU0jþ1 ¼
3

Dx
ðUjþ1 �Uj�1Þ þ OðDx4Þ

U00j�1 þ 10U00j þU00jþ1 ¼
12

Dx2 ðUjþ1 � 2Uj þUj�1Þ þ OðDx4Þ
ð3Þ

In the longitudinal direction the equations were integrated by
the Crank–Nicholson method. Thus, the error in approximating
the mesh values of the dependant variable, and the values of its
first and second derivatives, was a value of order OðDx2;Dx4Þ.
The source member in the chemical kinetics was integrated using
an implicit scheme of first-order accuracy. A comparison of ob-
tained numerical data with available exact solutions for laminar
boundary layer proved the method to be sufficiently accurate
and reliable at an acceptable computing-cost level. From prelimin-
ary computations and from mesh refinement tests, the following
values for the total number of nodes in x- and y-directions were
chosen: Nx = 1000, Ny = 150.

4. Numerical data obtained for the boundary layer with
combustion at different boundary conditions

The temperature profile is the most important parameter that
characterizes the structure of near-wall flames. The calculated dis-
tributions of temperature over the thickness of the boundary layer
are shown in Fig. 2 for different wall hydrogen concentrations (or
for different blowing ratios b1 ¼ 2jW=q0u0cf , proportional to these
concentration) at the boundary conditions of two types,
TW ¼ const (solid lines) and T 0 ¼ const (dotted lines). An increase
in blowing intensity results in that the flame front gets forced from
the wall both at constant wall temperatures and at constant in-
jected-gas temperature. Simultaneously, in the case of T 0 ¼ const
the wall temperature varies profoundly with blowing intensity,
approaching the injected-gas temperature T 0 at heavy blowing.
Here, although the flame-front temperature increases to finally ap-
proach the values typical of adiabatic combustion of hydrogen with
air, the injected fuel acts as a coolant.

At constant injected-gas temperature T 0 ¼ const the flame-front
coordinate is more remote from the wall in comparison with
TW ¼ const. This also affects the distribution of dynamic character-
istics of the boundary layer (see Fig. 3). Here, the boundary-layer
thickness increases compared to the boundary layer without com-
bustion, and the gradients of longitudinal flow velocity decrease in
value, especially at constant injected-gas temperature.

These strong differences in the temperature and velocity pro-
files for the considered boundary conditions should also affect
the behavior of surface friction and heat- and mass-transfer coeffi-
cients. Indeed, according to Fig. 4, the combustion in boundary
layer leads to a substantial reduction of the friction coefficient
cf =a ¼ ðl@u=@yÞW=@yÞW=q0u2

0.
The effect of friction reduction owing to intense heat release

was analyzed in detail in [2] for turbulent flow. From Fig. 4,
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another important conclusion can be drawn. Despite the consider-
able differences in the structure of boundary layers at T 0 ¼ const
and TW ¼ const, there is no any appreciable difference between
the friction coefficients. One possible reason for this unexpected
behavior displayed by the friction coefficient is partial compensa-
tion of the effect of reduced flow velocity gradient on the wall
shear stress and the gas viscosity increase resulting from higher le-
vel of wall temperature at gas blowing under T 0 ¼ const.

In the case of jW ¼ const the friction coefficient is not propor-
tional to Re�0:5

x ; it decreases over the plate length up to the point
at which the boundary layer becomes blown off the wall. At this
point, the friction coefficient is zero, cf =2 ¼ 0, and the wall fuel
concentration is kW ¼ 1.

The above behavior, displayed by the shear stress, can be more
clearly traced in Fig. 5, which shows the curves of the function of
relative friction cf =cf 0 versus the blowing ratio �jW Re0:5

x . Here, cf =2
is the friction coefficient in the boundary layer with blowing and
combustion, and ðcf =2Þ0 ¼ 0:332Re�0:5

x is the friction on imperme-
able plate. The solid curve in Fig. 6 is the dependence for the func-
tion of relative friction [15]

cf =cf 0 ¼ ð1� b=bcrÞ1;33 ð4Þ
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Fig. 5. Function of relative friction versus blowing ratio.
Here, bcr = 0.18 is the critical blowing ratio for hydrogen injection
into air calculated from the data of [15]. It should be noted that,
in these coordinates, the friction coefficient values calculated for
kW ¼ const and �jW ¼ const lie close together.

Numerical data obtained for the case of hydrogen blowing with-
out combustion well agree with relation (4). The data obtained
with combustion for different boundary conditions, although
admitting generalization, lie notably lower than this curve, this
being indicative of combustion-induced friction reduction. Yet,
the friction reduction in laminar flow is less profound in compari-
son with turbulent flow [2]; in the latter case the friction reduction
factor can be 2 or greater. This again lends support to the conclu-
sion that non-isothermal conditions affect laminar boundary layer
lesser than turbulent boundary layer [14].
5. Effect of boundary conditions on the distribution of heat
fluxes in laminar boundary layer with combustion

The distribution of heat fluxes and their dependence on blowing
intensity and on thermal and concentration boundary conditions is
of particular interest for designs of apparatuses with boundary-
layer combustion. It was shown earlier (see [9]) that in the case
of porous blowing the boundary conditions at the wall may have
a dramatic influence on the laws of heat and mass transfer. For in-
stance, at blowing with constant wall temperature the heat flux
qW ¼ �ðk@T=@TÞW , like friction, decreases monotonically with
blowing intensity throughout the whole range of blowing ratios
until, finally, the regime with boundary layer blown off the wall
sets in. At constant injected-gas temperature, in which case the
wall temperature depends on blowing intensity, the heat flux first
increases to reach its maximum value, and then decreases. This
phenomenon can be attributed to the fact that at low blowing
intensities the wall temperature is close to the main-flow temper-
ature, this implying a low temperature gradient and, hence, a small
heat flux; on the other hand, at high blowing intensities the bound-
ary layer gets blown off the wall the wall, making the wall heat flux
zero.

A similar behavior of the heat fluxes is also observed with blow-
ing of reacting substances. The relative heat flux �q=�q0 versus the
blowing ratio �jW Re0:5

x at different boundary conditions is shown
in Fig. 6. Here, �q ¼ qW=q0u0cp0ðT0 � T 0Þ is the dimensionless heat
flux through porous wall, which resembles the Stanton number,
and �q0 ¼ 0:332Re�0:5

x Pr2=3 is the dimensionless heat flux through
impermeable plate.
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As it could be expected, at gas blowing with constant injected-
gas temperature both with and without combustion the curves ex-
hibit a maximum reached, in the regimes with jW ¼ const and
kW ¼ const, approximately at the same values of the blowing ratio,
the maximum heat flux in the case with combustion being one or-
der of magnitude greater than its value in the case of non-reacting
flow. The latter can be attributed to a zone with intense heat re-
lease (flame front), present in the boundary layer, that appreciably
intensifies heat- and mass-transfer processes. At constant wall
temperature the heat flux displays monotonic reduction whose va-
lue turns out to be slightly higher than that in the case of constant
injected-gas temperature because of lower wall temperature. The
function of relative heat transfer WT ¼ St=St0 versus blowing inten-
sity is shown in Fig. 7. It should be noted that, here, it is the flame-
front temperature that was chosen as the characteristic tempera-
ture, so that St ¼ �ðk@T=@TÞW=qfrufrcp0ðTfr � TwÞ. As it is evident
from the graph, the values obtained with and without combustion
lie close together, this being indicative of the fact that heat-transfer
processes proceeding inside the boundary layer weakly affect the
heat transfer. This result is interesting from the viewpoint of engi-
neering calculations.

6. Conclusions

Laminar boundary layer with porous blowing and combustion
of a fuel was simulated numerically. Different types of thermal
and diffusion boundary conditions were analyzed. Combustion is
shown to result in a significant reduction of the friction coefficient
and in an increase of wall heat fluxes. However, the reduction of
friction resistance in laminar boundary layer turned out to be less
pronounced than that in turbulent boundary layer because of
weaker influence due to gas-mixture density gradient over the
boundary-layer thickness in laminar flow. The friction coefficients
in regimes with constant wall temperature and constant injected-
gas temperature were found to have close values despite the fact
that significant differences in velocity and temperature profiles
were observed in these regimes. As in the case without the chem-
ical reaction, for the combustion with constant injected-gas tem-
perature the heat flux versus blowing intensity displays a
maximum, the amplitude of this maximum being almost one order
higher than in the case without combustion.
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